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In the theory of dynamical systems, it is well known that if f : X → X is a surjective
equicontinuous map of a compactum X , then there is an admissible metric d for X such
that f : (X,d) → (X,d) is an isometry. In Reddy (1982) [12], Reddy proved that if f : X → X
is a positively expansive map of a compactum X , then f expands small distances. In
this paper, we will study the similar properties of Ruelle expanding maps and admissible
metrics. By use of the construction of the Alexandroff–Urysohn’s metrization theorem we
prove the following theorem which is a more precise result in case of Ruelle expanding
maps (= positively expansive open maps): If f : X → X is a Ruelle expanding map of a
compactum X and any positive number s > 1, then there exist an admissible metric d
for X and positive numbers  > 0, λ (1 < λ < s) such that if x, y ∈ X and d(x, y)  ,
then d( f (x), f (y)) = λd(x, y). For a case of graphs, we prove that if f : X → X is a
positively expansive map of a graph X (= 1-dimensional compact polyhedron), then the
same conclusion holds. In these cases, the metrics d satisfy the following equality:
dimH (X,d) = Dd(X) = Dd(X) = h( f )logλ ,
where dimH (X,d), Dd(X) and Dd(X) denote the Hausdorff dimension, the lower box-
counting dimension and the upper box-counting dimension of the compact metric space
(X,d) respectively, and h( f ) is the topological entropy of f . This implies that such a
metric d is a “fractal” metric for X . In fact, we can consider that the compact metric space
(X,d) has some sort of local self-similarity with respect to the inverse f −1 of f and the
similarity ratio 1/λ. Also, we prove that if f : X → X is an expanding homeomorphism of
a noncompact metric space X , then there exist an admissible metric d for X and a positive
number λ > 1 such that if x, y ∈ X , then d( f (x), f (y)) = λd(x, y).
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
All spaces in this paper are metric spaces and maps are continuous functions. Let f : X → X be a map of a compactum X .
In the theory of dynamical systems, it is well known that if f : X → X is a surjective equicontinuous map, then there is an
admissible metric d for X such that f : (X,d) → (X,d) is an isometry.
In this paper, we will study the similar properties of Ruelle expanding maps and admissible metrics. We say that f
is positively expansive [12] if there is an admissible metric d for X and a positive number c > 0 such that if x, y ∈ X and
x = y, then there is a natural number n  0 such that d( f n(x), f n(y)) > c. Note that this property is independent of the
choice of metrics for X . We say that f is a Ruelle expanding map [13] if f is positively expansive and an open onto map.
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expanding map. We say that f expands small distances if there is an admissible metric d for X and  > 0 and λ > 1 such
that if 0 < d(x, y)   , then d( f (x), f (y))  λd(x, y). A map f : X → X increases small distances if there is an admissible
metric d for X and  > 0 such that if 0< d(x, y)  , then d( f (x), f (y)) > d(x, y). The above two notions are dependent of
the choice of metrics for X . In [12], by use of the Frink’s metrization theorem [5], Reddy proved that the following notions
are equivalent:
1. f : X → X is positively expansive.
2. f expands small distances.
3. f increases small distances.
Hence for any onto open map f : X → X , the following notions are equivalent:
1. f is a Ruelle expanding map.
2. f expands small distances.
3. f increases small distances.
In this paper, we are interested in metrics related to expandability of maps and we investigate more precise expandability
of maps as follows. We say that f expands strictly small distances with an expanding ratio λ > 1 if there is an admissible
metric d for X and a positive number  > 0 such that if x, y ∈ X and d(x, y)   , then d( f (x), f (y)) = λd(x, y). Let R
denote the real line, and let N be the set of all natural numbers and Z the set of all integers.
Example 1.1. Let L : Rn → Rn be a linear map such that L(Zn) ⊂ Zn and |λi | > 1, |λi | = |λ j| (i = j) for eigenvalues λi
(i = 1,2, . . . ,n) of L. If f : Tn → Tn is the map of the n-dimensional torus Tn induced by L, then f is a Ruelle expanding
map, but for the Euclidean metric ρ for Tn , the map f : (Tn,ρ) → (Tn,ρ) does not expand strictly small distances with any
common expanding ratio.
Example 1.2. Let Si (i = 1,2) be the unit circles and let f i : Si → Si be the natural covering maps with deg( f1) = 2 and
deg( f2) = 3. Let f : S1 ∨ S2 → S1 ∨ S2 be the map deﬁned by f |Si = f i , where S1 ∨ S2 is the one point union of S1 and S2.
Then f is a positively expansive map, but for the path-length metric ρ for S1 ∨ S2, the map f : (S1 ∨ S2,ρ) → (S1 ∨ S2,ρ)
does not expand strictly small distances with any common expanding ratio.
In this paper, by use of the construction of the Alexandroff–Urysohn’s metrization theorem we prove that if f : X → X is
a Ruelle expanding map of a compactum X and s > 1, then there is an admissible metric d for X and a positive number λ
(1 < λ < s) such that f : (X,d) → (X,d) expands strictly small distances with the expanding ratio λ > 1. For a case of
graphs, we obtain that if f : G → G is a positively expansive map of a graph G and s > 1, then there is an admissible
metric d for G and a positive number λ (1 < λ < s) such that f : (G,d) → (G,d) expands strictly small distances with the
expanding ratio λ > 1.
In relation to topological entropy and fractal dimensions, we prove that if a map f : (X,d) → (X,d) expands strictly
small distances with an expanding ratio λ > 1, then the following equality holds:
dimH (X,d) = Dd(X) = Dd(X) =
h( f )
logλ
where dimH (X,d), Dd(X) and Dd(X) denote the Hausdorff dimension, the lower box-counting dimension and the upper
box-counting dimension of the compact metric space (X,d) respectively, and h( f ) is the topological entropy of f . This
implies that such a metric d is a “fractal” metric for X . In fact we can consider that the compact metric space (X,d) has
some sort of local self-similarity with respect to the inverse f −1 of f and the similarity ratio 1/λ. Also, we prove that if
f : X → X is an expanding homeomorphism of a noncompact metric space X and s > 1, then there exist an admissible
metric d for X and a positive number λ (1 < λ < s) such that f : (X,d) → (X,d) expands strictly distances with the
expanding ratio λ > 1, that is, if x, y ∈ X , then d( f (x), f (y)) = λd(x, y).
2. Metrics of Ruelle expanding maps
In this section, we need the following terminology and concepts. Let U and V be open covers of a space X . We assume
that each element of any open cover of a space is not an empty set. If V reﬁnes U , then we denote V  U (e.g. see [9]
and [10]). Suppose that x ∈ X and U is an open cover of X . Then we denote
St(x,U) =
⋃
{U ∈ U | x ∈ U }.
We put
U = {St(x,U) ∣∣ x ∈ X}.
C. Fujita et al. / Topology and its Applications 157 (2010) 615–628 617An open cover V of X is a delta-reﬁnement of an open cover U of X if V  U . Let {Ui}∞i=1 be a sequence of open covers of
X . Then {Ui}∞i=1 is called a normal delta-sequence (e.g. see [9] and [10]) if Ui+1 is a delta-reﬁnement of Ui (i = 1,2, . . .). Also,{Ui}∞i=1 is called a development of X if {St(x,Ui) | i = 1,2, . . .} is a neighborhood base for each point x of X . The following
theorem is well known as the Alexandroff–Urysohn’s metrization theorem (e.g. see [2,9,10]).
Theorem 2.1 (The Alexandroff–Urysohn’s metrization theorem). ([2]) A T1-space X is metrizable if and only if there exists a sequence
{Ui}∞i=1 of open covers of X such that {Ui}∞i=1 is a normal delta-sequence and a development of X .
In this section, by use of the construction of the Alexandroff–Urysohn’s metrics we prove the following theorem which
is a more precise result in case of Ruelle expanding maps.
Theorem 2.2. Let f : X → X be a Ruelle expanding map of a compactum X. For any s > 1, there exist an admissible metric d˜ for X
and a positive number λ (s > λ > 1) such that f : (X, d˜) → (X, d˜) expands strictly small distances with the expanding ratio λ, that is,
for some  > 0,
d˜(x, y)  (x, y ∈ X) ⇒ d˜( f (x), f (y))= λd˜(x, y).
For the proof of Theorem 2.2, we need the following Propositions 2.3 and 2.4, which are well known. But we cannot ﬁnd
the sources. For completeness, we give the proofs.
Proposition 2.3. Let X be a compactum and let f : X → X be a local embedding. Then there exists k ∈ N such that f is at most k-to-1
map.
Proof. Since f is a local embedding, for x ∈ X there is an open neighborhood Ux of x such that f |Ux is injective. Then
{Ux | x ∈ X} is an open cover of X . By the compactness of X , there exists a ﬁnite set {xi | i = 1,2, . . . ,k} ⊂ X such that
X = Ux1 ∪ Ux2 ∪ · · · ∪ Uxk . Since f |Ux is injective, | f −1(x) ∩ Uxi | 1 for each x ∈ X . i.e., | f −1(x)| k for each x ∈ X . 
Let (X,d) be a metric space and x ∈ X . Also, let U(x) be the  neighborhood of x in X , i.e., U(x) = {y ∈ X | d(y, x) < }.
Proposition 2.4. Let f : X → X be a map of a compactum (X,d). Suppose thatW is an open cover of X such that for each x ∈ X, there
exists W ∈W such that f −1(x) ⊂ W . Then there is a positive number r > 0 such that if A is a subset of X with diam(A)  r, then
there exists W ∈W with f −1(A) ⊂ W .
Proof. Since f is a closed map, f −1 is upper semi-continuous. Hence for each x ∈ X there is an open neighborhood Vx of
x such that f −1(Vx) ⊂ W ∈W (see Engelking [4, p. 32, Theorem 1.4.3]). Let r > 0 be a Lebesgue number of {Vx | x ∈ X}. We
show that r is the required number. Let A be a subset of X with diam(A) r. By the deﬁnition of r, there exists x˜ ∈ X such
that A ⊂ V x˜ . Then there exists W ∈W such that f −1(V x˜) ⊂ W . Hence
f −1(A) ⊂ f −1(V x˜) ⊂ W ∈W. 
Proposition 2.5. (Reddy [12, p. 330, Construction Lemma]) Let (X,d) be a compact metric space and f : X → X a positively expansive
map with an expansive constant c > 0. Then for each positive number r < c, there exists a natural number N(r) ∈ N such that
r  d(x, y) c (x, y ∈ X) ⇒ max{d( f i(x), f i(y)) ∣∣ 0 i  N(r) − 1}> c.
Proof. Suppose, on the contrary, that there exists 0 < 0 < c such that for each n ∈ N there are points xn, yn ∈ X such that
0  d(xn, yn) c and
max
{
d
(
f i(x), f i(y)
) ∣∣ 0 i  n − 1} c.
Since X is compact, we may assume that {(xn, yn) | n ∈ N} converges to (x¯, y¯) ∈ X × X . Then 0 < 0  d(x¯, y¯)  c and for
each i ∈ N,
d
(
f i(x¯), f i( y¯)
)= lim
n→∞d
(
f i(xn), f
i(yn)
)
 c.
This contradicts the positive expansivity of f . 
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By proposition 2.3, there is k ∈ N such that for each x ∈ X , | f −1(x)|  k. Moreover, note that for y, z ∈ f −1(x), Uc/2(y) ∩
Uc/2(z) = φ and f |Uc/2(y) is an embedding. We put
W =
{ ⋃
y∈ f −1(x)
Uc/2(y)
∣∣∣ x ∈ X}.
Then W is an open cover of X and it satisﬁes the hypothesis of Proposition 2.4. Hence there exists 0 < r < c/2 such that if
A is a subset of X and diam(A) r, then there exists W ∈W with f −1(A) ⊂ W . By Proposition 2.5, there exists N(r) ∈ N
such that if x, y ∈ X and r  d(x, y) c, then
max
{
d
(
f i(x), f i(y)
) ∣∣ 0 i  N(r) − 1}> c.
Let x ∈ X and let δx > 0 be a suﬃciently small positive number. Let
U (x) = Uδx(x).
We put
f −1(x) = {x(i) ∣∣ i = 1,2, . . . ,k1(x)}.
For each x(i) ∈ f −1(x), put
U (x; i) = Uc/2
(
x(i)
)∩ f −1(U (x))
and
f −1
(
x(i)
)= {x(i, j) ∣∣ j = 1,2, . . . ,k2(x; i)}.
Also, for each x(i, j) ∈ f −1(x(i)), we put
U (x; i, j) = Uc/2
(
x(i, j)
)∩ f −1(U (x; i)).
Inductively, for each x(i1, i2, . . . , in−1, j) ∈ f −1(x(i1, i2, . . . , in−1)), we put
U (x; i1, i2, . . . , in−1, j) = Uc/2
(
x(i1, i2, . . . , in−1, j)
)∩ f −1(U (x; i1, i2, . . . , in−1)),
where j = 1,2, . . . ,kn−1(x; i1, i2, . . . , in−1).
If we continue this procedure, for each n ∈ N we obtain a family {U (x; i1, i2, . . . , in)} of open sets of X . Note that if the
positive number δx > 0 (x ∈ X) is suﬃciently small, then we may assume that for each 1  n  N(r) − 1, the diameter of
U (x; i1, i2, . . . , in) is suﬃciently small. Hence we may assume that for each 1 n N(r) − 1,
f −1
(
U (x; i1, i2, . . . , in)
)⊂ ⋃
y∈ f −1(x(i1,i2,...,in))
Uc/2(y).
By the compactness of X , we can choose a ﬁnite open cover U1 = {Uδxi (xi) | i = 1,2, . . .m} of X . We put U (xi) = Uδxi (xi),
i.e.,
U1 =
{
Uδxi (xi)
∣∣ i = 1,2, . . .m}= {U (xi) ∣∣ i = 1,2, . . . ,m}.
By Proposition 2.5, we see that for each point xi(i1, i2, . . . , iN(r)),
diam
(
U (xi; i1, i2, . . . , iN(r))
)
< r.
By the choice of the positive number r > 0 (see Proposition 2.4) and Proposition 2.5, inductively we see that if n  N(r),
then for each xi(i1, i2, . . . , in) ∈ f −n(xi)
diam
(
U (xi; i1, i2, . . . , in)
)
< r.
Note that f is a covering projection. Hence we may assume that U (xi) (i = 1,2, . . . ,m) is evenly covered by f and moreover,
f −1
(
U (xi)
)= k1(xi)⋃
i1=1
U (xi; i1).
Hence for each i1 = 1,2, . . . ,k1(xi),
f |U (xi; i1) : U (xi; i1) → U (xi) is a homeomorphism.
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U2 =
{
U (xi; i1)
∣∣ i = 1, . . . ,m, i1 = 1, . . . ,k1(xi)}.
Then U (xi; i1) is evenly covered by f . Hence for each i = 1,2, . . . ,m and i1 = 1, . . . ,k1(xi),
f −1
(
U (xi; i1)
)= k2(xi;i1)⋃
i2=1
U (xi; i1, i2)
and
f |U (xi; i1, i2) : U (xi; i1, i2) → U (xi; i1) is a homeomorphism.
Similarly, for each n ∈ N, we put
Un =
{
U (xi; i1, i2, . . . , in−1)
∣∣ i = 1,2, . . . ,m,
i1 = 1,2, . . . ,k1(xi),
...
in−1 = 1,2, . . . ,kn−1(xi; i1, i2, . . . , in−2)
}
.
Note that
f |U (xi; i1, i2, . . . , in) : U (xi; i1, i2, . . . , in) → U (xi; i1, i2, . . . , in−1) is a homeomorphism.
By Proposition 2.5, we see that limn→∞ meshUn = 0. Let α > 0 be a Lebesgue number for U1. Then there is N1 ∈ N such
that for each n N1, meshUn < α. We choose N2 ∈ N such that 21/N2 < s. We put
N = max{N1,N2}.
Finally, for each n ∈ N we put
Vn = U1+(n−1)N .
Then Vn (n ∈ N) satisﬁes the following conditions:
(i) Vn  Vn+1 (n ∈ N), and hence the sequence {Vn}∞n=1 of open covers of X is a normal delta-sequence.
(ii) {St(x,Vn) | n ∈ N} is a neighborhood base at x, and hence the sequence {Vn}∞n=1 is a development of X .
Indeed, by the choice of N we see that U1  U1+N . Hence V1  V2 . To prove that (i) is true for n 2, let St(x,Vn+1) ∈
Vn+1 (x ∈ X). Since f is a local homeomorphism and by the constructions of elements of Vn , we see that{
f (n−1)N(V )
∣∣ x ∈ V ∈ Vn+1}= {W ∈ V2 ∣∣ f (n−1)N(x) ∈ W }.
Hence
f (n−1)N
(
St(x,Vn+1)
)= St( f (n−1)N(x),V2).
Then there exists U (xi) ∈ U1 such that St( f (n−1)N (x),V2) ⊂ U (xi). Hence
St(x,Vn+1) ⊂ f −(n−1)N
(
f (n−1)N
(
St(x,Vn+1)
))⊂ f −(n−1)N(U (xi)).
Since f is a covering projection, there exists U (xi; i1, i2, . . . , i(n−1)N ) ∈ Vn such that
St(x,Vn+1) ⊂ U (xi; i1, i2, . . . , i(n−1)N) ∈ Vn.
This implies that Vn  Vn+1. Since limn→∞ meshVn = 0, we see that (ii) is holds.
Now, we use the construction of the Alexandroff–Urysohn’s metrization theorem (e.g. see [9] and [10]). For any pair of
points x, y ∈ X , we deﬁne the function D as follows:
D(x, y) =
{4 if {x, y} is not contained in any element of V1,
1/2i−2 if {x, y} is contained in an element of Vi and is not contained in any element of V j for j > i,
0 if {x, y} is contained in an element of Vi for every i ∈ N.
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(iii) D
(
f N(x), f N (y)
)= 2D(x, y).
Suppose that x = y. Now, there exists p ∈ N (p  2) such that D(x, y) = 1/2p−2. Then {x, y} is contained in an element
V of Vp and is not contained in any element W of Vn for any n > p. We denote V = U (xi; i1, . . . , i(p−1)N ). Note that
f (U (xi; i1, i2, . . . , ik)) = U (xi; i1, i2, . . . , ik−1). Then{
f N(x), f N (y)
}⊂ f N(V ) = f N(U (xi; i1, . . . , i(p−2)N , . . . , i(p−1)N))= U (xi; i1, . . . , i(p−2)N) ∈ Vp−1.
This implies that 2D(x, y) = 1/2p−3  D( f N (x), f N (y)). Since f is a local embedding, we see that the set { f N (x), f N (y)}
is not contained in any V ∈ Vp . This implies that 2D(x, y) = 1/2p−3  D( f N (x), f N (y)). Hence we see that if x, y ∈ X and
D(x, y) 1, then D( f N (x), f N (y)) = 2D(x, y).
Put
d1(x, y) = inf
{
D(x, x1) + D(x1, x2) + · · · + D(xn, y)
∣∣ n ∈ N, x1, x2, . . . , xn ∈ X}.
Then d1 is an admissible metric for X and the metric d1 satisﬁes
1/4D(x, y) d1(x, y) D(x, y)
(see the proof of [9, Theorem 2.16]).
We shall prove that for any x, y ∈ X with d1(x, y) 1/4,
d1
(
f N(x), f N (y)
)= 2d1(x, y).
Indeed,
2d1(x, y) = 2 inf
{
D(x, x1) + D(x1, x2) + · · · + D(xn, y)
∣∣ n ∈ N, x1, . . . , xn ∈ X}
= inf{2D(x, x1) + 2D(x1, x2) + · · · + 2D(xn, y) ∣∣ n ∈ N, x1, . . . , xn ∈ X}.
Since D(x, y) 4d1(x, y) 1, we may assume that D(xl, xl+1) 1 for each 0 l n, where x0 = x, xn+1 = y. Thus
2d1(x, y) = inf
{
D
(
f N(x), f N (x1)
)+ D( f N(x1), f N(x2))+ · · · + D( f N(xn), f N (y)) ∣∣ n ∈ N, x1, . . . , xn ∈ X}
 inf
{
D
(
f N(x), y1
)+ D(y1, y2) + · · · + D(yn, f N(y)) ∣∣ n ∈ N, y1, . . . , yn ∈ X}
= d1
(
f N(x), f N (y)
)
.
Conversely, we shall prove 2d1(x, y)  d1( f N(x), f N(y)). Here we use essentially the fact that f is a covering projec-
tion. Since D( f N (x), f N (y)) = 2D(x, y)  2, there exist i (1  i  m) and {i1, i2, . . . , iN } ⊂ N such that { f N (x), f N (y)} ⊂
U (xi) ∈ V1 and {x, y} ⊂ U (xi; i1, i2, . . . , iN) ∈ V2. Since D( f N (x), f N (y)) 2 and
d1
(
f N(x), f N (y)
)= inf{D( f N(x), y1)+ D(y1, y2) + · · · + D(yn, f N(y)) ∣∣ n ∈ N, y1, . . . , yn ∈ X},
we may assume that {y1, . . . , yn} ⊂ U (xi). Since f N |U (xi; i1, i2, . . . , iN) : U (xi; i1, i2, . . . , iN ) → U (xi) is a homeomorphism,
we can choose a sequence x1, . . . , xn of points of U (xi; i1, i2, . . . , iN ) such that f N (xl) = yl for each 0 l n. Then we have
d1
(
f N(x), f N (y)
)= inf{D( f N(x), y1)+ D(y1, y2) + · · · + D(yn, f N(y)) ∣∣ n ∈ N, y1, . . . , yn ∈ U (xi)}
= inf{2D(x, x1) + 2D(x1, x2) + · · · + 2D(xn, y) ∣∣ n ∈ N, x1, . . . , xn ∈ U (xi; i1, i2, . . . , iN)}
 2d1(x, y).
Hence we see that for any x, y ∈ X with d1(x, y) 1/4, d1( f N (x), f N (y)) = 2d1(x, y).
Finally, we deﬁne a function d˜ : X × X → R as follows: For x, y ∈ X ,
d˜(x, y) =
N−1∑
i=0
1
λi
d1
(
f i(x), f i(y)
)
,
where λ = 21/N < s. Clearly, d˜ is an admissible metric for X . Note that d˜(x, y)  d1(x, y) for each x, y ∈ X . Now we show
that for any x, y ∈ X with d˜(x, y) 1/4,
d˜
(
f (x), f (y)
)= λd˜(x, y).
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d˜
(
f (x), f (y)
)= N−1∑
i=0
1
λi
d1
(
f i+1(x), f i+1(y)
)
= λ
(
N−1∑
i=0
1
λi+1
d1
(
f i+1(x), f i+1(y)
))
= λ
(
d1(x, y) +
N−1∑
i=1
1
λi
d1
(
f i(x), f i(y)
)+ 1
λN
d1
(
f N(x), f N (y)
)− d1(x, y)
)
= λ
(
N−1∑
i=0
1
λi
d1
(
f i(x), f i(y)
)+ 1
2
d1
(
f N(x), f N (y)
)− d1(x, y)
)
= λ
N−1∑
i=0
1
λi
d1
(
f i(x), f i(y)
)= λd˜(x, y).
Hence we see that f : (X, d˜) → (X, d˜) expands strictly small distances with the expanding ratio λ. This completes the
proof. 
Generally, we have the following problem.
Problem 2.6. Do Positively expansive maps expand strictly small distances?
In a case of graphs, we obtain the following partial answer to Problem 2.6.
Theorem 2.7. Let f : X → X be a positively expansive map of a compact connected graph X = G (= 1-dimensional compact polyhe-
dron). Then for any s > 1, there exist an admissible metric d˜ for X and positive numbers  > 0, s > λ > 1 such that
d˜(x, y)  (x, y ∈ X) ⇒ d˜( f (x), f (y))= λd˜(x, y).
Proof. Let d be the path length metric for X . Note that for any  > 0 and x ∈ X , U(x) is path connected. Since X = G is a
graph, there is a positive number t > 0 such that if A is a subset of X and diam(A) t , then A is contained in an open path
connected set of X which contains no simple closed curve (= uniquely path connected). Let c > 0 be an expansive constant
of the positive expansive map f : (X,d) → (X,d). If we choose c > 0 suﬃciently small, we may assume that Uc/2(x) is
uniquely path connected and diam( f (Uc/2(x)))  t for each x ∈ X . By the similar arguments to the proof of Theorem 2.2,
we can choose a positive number r > 0 and a natural number N(r) ∈ N as in the proof of Theorem 2.2. Also, by use of
the fact that f : X → X is positively expansive, we can construct a sequence Un of open covers of X as in the proof of
Theorem 2.2:
Un =
{
U (xi; i1, i2, . . . , in−1)
∣∣ i = 1,2, . . . ,m,
i1 = 1,2, . . . ,k1(xi),
...
in−1 = 1,2, . . . ,kn−1(xi; i1, i2, . . . , in−2)
}
.
Then f |U (xi; i1, i2, . . . , in) : U (xi; i1, i2, . . . , in) → U (xi; i1, i2, . . . , in−1) is an embedding. Also, we may assume that
diam(U (xi)) t for any i = 1,2, . . . ,k and hence U (xi) is uniquely path connected.
Inductively, we shall show that U (xi; i1, i2, . . . , in−1) is (uniquely) path connected. First, we show that U (xi; i1) is
uniquely path connected. Let x and y be points of U (xi; i1). Then there exists the unique arc A from x to y such that
A ⊂ Uc/2(xi(i1)). Since f is a local embedding, f (A) is an arc from f (x) to f (y). Note that f (Uc/2(xi(i1))) and U (xi) is con-
tained in a uniquely path connected open subset of X , we see that f (A) is an arc in U (xi). By the construction of U (xi; i1),
we see that A ⊂ U (xi; i1), which implies that U (xi; i1) is path connected. Inductively, we can prove that U (xi; i1, i2, . . . , in−1)
is (uniquely) path connected. By Proposition 2.5, we see that limn→∞ meshUn = 0. Also, we can choose a natural number N
as in the proof of Theorem 2.2.
We put
Vn = U1+(n−1)N
for each n ∈ N. Then Vn (n ∈ N) satisﬁes the following conditions (see the proof of Theorem 2.2):
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(ii) {St(x,Vn) | n ∈ N} is a neighborhood base at x, and hence the sequence {Vn}∞n=1 is a development of X .
As in the proof of Theorem 2.2, we can also deﬁne the function D . By use of the fact that f is a positively expansive
map, we can prove that for any x, y ∈ X with D(x, y) 1, D( f N (x), f N (y)) = 2D(x, y) (see the proof of Theorem 2.2).
Also, as in the proof of Theorem 2.2, we deﬁne the admissible metric d1 for X . By use of the facts that X is a graph and
each element of Vn is connected, we shall prove the following property: For any x, y ∈ X with d1(x, y) 1/4,
d1
(
f N(x), f N (y)
)= 2d1(x, y).
The inequality d1( f N (x), f N (y))  2d1(x, y) can be proved as in the proof of Theorem 2.2. We shall show that
d1( f N (x), f N (y)) 2d1(x, y). Let x = y ∈ X with d1(x, y) 1/4. Then D(x, y) 4d1(x, y) 1 and hence D( f N (x), f N(y)) =
2D(x, y)  2. Hence there exist i (1  i  m) and i1, i2, . . . , iN such that { f N (x), f N (y)} ⊂ U (xi) ∈ V1 and {x, y} ⊂
U (xi; i1, i2, . . . , iN ) ∈ V2. Let y1, y2, . . . , yn (n ∈ N) be points of X such that D( f N(x), y1) + D(y1, y2) + · · · +
D(yn, f N (y))  2. For 0  l  n, let D(yl, yl+1) = 1/2ml−2, where y0 = f N (x), yn+1 = f N (y). Then there exists Vl =
U (xli; il1, . . . , il(ml−1)N ) ∈ Vml such that {yl, yl+1} ⊂ Vl for all 0  l  n. Since Vl is path connected and Vl ∩ Vl+1 = φ for
each 0 l  n, we see that
⋃n
l=0 Vl is a (uniquely) path connected space containing y0 = f N (x) and yn+1 = f N (y). Let A
be the arc in
⋃n
l=0 Vl ⊂ U (xi) from y0 to yn+1. Then we may assume that y1, y2, . . . , yn ∈ A. Note that U (xi) is uniquely
path connected. Since U (xi; i1, i2, . . . , iN) ∈ V2 is path connected and f N |U (xi; i1, i2, . . . , iN ) : U (xi; i1, i2, . . . , iN ) → U (xi) is
an embedding, there is the arc A˜ from x to y in U (xi; i1, i2, . . . , iN ) and hence f N ( A˜) = A. Let xl ∈ A˜ with f N (xl) = yl for
each l = 1, . . . ,n. Then there is V˜ l ∈ Vml+1 such that f N (V˜ l) ⊂ Vl ∈ Vml and {x˜l, x˜l+1} ⊂ V˜ l ∈ Vml+1. Then we have
2d1(x, y) 2D(x, x˜1) + 2D(x˜1, x˜2) + · · · + 2D(x˜n, y)
= D( f N(x), y1)+ D(y1, y2) + · · · + D(yn, f N(y)).
By use of this inequality, we see that for any x, y ∈ X with d1(x, y) 1/4,
2d1(x, y) d1
(
f N(x), f N (y)
)
.
This implies that if d1(x, y) 1/4, then
2d1(x, y) = d1
(
f N(x), f N (y)
)
.
Finally, we deﬁne a function d˜ : X × X → R as follows: For x, y ∈ X ,
d˜(x, y) =
N−1∑
i=0
1
λi
d1
(
f i(x), f i(y)
)
,
where λ = 21/N < s. As in the proof of Theorem 2.2, we can prove that for any x, y ∈ X with d˜(x, y) 1/4,
d˜
(
f (x), f (y)
)= λd˜(x, y).
This completes the proof. 
3. Expanding homeomorphisms of noncompact metric spaces
In this section, we deal with a case of noncompact metric spaces. We shall show the following theorem (cf. Example 1.1).
Theorem 3.1. Let (X,d) be a (noncompact) metric space. If f : (X,d) → (X,d) is an expanding homeomorphism, that is, there exist
c > 0 and λ > 1 such that d( f n(x), f n(y)) cλnd(x, y) for x, y ∈ X and n ∈ N, then for any s > 1 there is an admissible metric d˜ for
X and a positive number r (s > r > 1) such that f : (X, d˜) → (X, d˜) expands strictly distances with the expanding ratio r, that is, for
any x, y ∈ X,
d˜
(
f (x), f (y)
)= rd˜(x, y).
Proof. Let N be a natural number such that cλN > 2 and 21/N < s. For each integer i ∈ Z, we put
Ui =
{
f −iN
(
U 1
2
(x)
) ∣∣ x ∈ X}.
Notice that if i  0 then meshUi  1/(cλiN ). Then Ui (i ∈ Z) satisfy the following conditions:
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(2) {St(x,Ui) | i ∈ N} is a neighborhood base at x ∈ X .
For any pair of points x, y of X , deﬁne the function D as follows:
D(x, y) = 1/2i if {x, y} is contained in an element of Ui (i ∈ Z) and
{x, y} is not contained in any element of U j, j > i,
D(x, y) = 0 if x, y is contained in an element of Ui for every i ∈ Z.
We shall show that for any x, y ∈ X ,
(3) D
(
f N(x), f N (y)
)= 2D(x, y).
Note that f : X → X is a homeomorphism. Suppose that x = y. Then there is the unique i ∈ Z such that D(x, y) = 1/2i .
Since {x, y} is contained in an element U of Ui and {x, y} is not contained in any element V of U j ( j > i), { f N (x), f N (y)}
is contained in f N (U ) ∈ Ui−1 and { f N (x), f N (y)} is not contained in f N (V ) (V ∈ U j, j  i). Hence D( f N (x), f N (y)) =
1/2i−1 = 2D(x, y).
Set
d′(x, y) = inf{D(x, x1) + D(x1, x2) + · · · + D(xn, y) ∣∣ n ∈ N, x1, . . . , xn ∈ X}.
It follows that d′ is an admissible metric for X by the proof of [9, Theorem 2.16]. As in the proof of Theorem 2.2, by (3) we
see that the metric d′ satisﬁes
(4) d′
(
f N(x), f N (y)
)= 2d′(x, y) (x, y ∈ X).
We deﬁne a function d˜ as follows; For x, y ∈ X ,
d˜(x, y) =
N−1∑
i=0
1
ri
d′
(
f i(x), f i(y)
)
,
where r = 21/N . Note that r < s. Clearly, d˜ is an admissible metric for X . As in the proof of Theorem 2.2, we can prove
d˜
(
f (x), f (y)
)= rd˜(x, y) (x, y ∈ X). 
Remark 3.2 (Alexandroff–Urysohn’s metrization theorem). ([9, Theorem 2.16]) It follows that D and d′ in the proof of Theo-
rem 3.1 satisfy the following condition: For any x, y ∈ X ,
1
4
D(x, y) d′(x, y) D(x, y).
Remark 3.3. There is the following relations between the given metric d of Theorem 3.1 and the metric d′ in the proof of
Theorem 3.1:
(a) There are A > 0 and α > 0 such that if d(x, y) 1/2 then
d′(x, y) Ad(x, y)α.
(b) There are B > 0 and β > 0 such that if d(x, y) < 1/2 then
d′(x, y) Bd(x, y)β .
Proof. To prove (a), let x, y be points of X with d(x, y)  1/2. There is the unique i  0 such that D(x, y) = 2i . We shall
show that
(1) d
(
f −(i−1)N(x), f −(i−1)N(y)
)
 1
2
.
To get a contradiction, suppose that d( f −(i−1)N (x), f −(i−1)N (y)) < 1/2. Note that{
f −(i−1)N(x), f −(i−1)N(y)
}⊂ U1/2( f −(i−1)N(x)) ∈ U0,
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D
(
f −(i−1)N(x), f −(i−1)N(y)
)
 1
20
.
Then D(x, y) 1/2−(i−1) = 2i−1 < 2i . This is a contradiction. Therefore (1) is proved.
Hence,
d(x, y) λ(i−1)Nd
(
f −(i−1)N(x), f −(i−1)N(y)
)
 1
2
λ(i−1)N .
Therefore i  (1/N) logλ 2d(x, y) + 1, and hence
d′(x, y) D(x, y) = 2i  2 1N logλ 2d(x,y)+1
= 2 · 2
log2 2d(x,y)
N log2 λ = 2 · (2log2 2d(x,y)) 1N log2 λ
= 2 · (2d(x, y)) 1N log2 λ = 2 1N log2 λ +1 · (d(x, y)) 1N log2 λ .
To prove (b), let x, y be points of X with 0 < d(x, y) < 1/2. There is i  0 such that D(x, y) = 1/2i . Since there is an
element U of Ui such that {x, y} ⊂ U ,
d(x, y)meshUi 
1
λiN
.
Therefore i −(1/N) logλ d(x, y), and hence
d′(x, y) 1
4
D(x, y) = 1
4
· 2−i  1
4
· 2 1N logλ d(x,y) = 1
4
· 2
log2 d(x,y)
N log2 λ = 1
4
· (2log2 d(x,y)) 1N log2 λ
= 1
4
· (d(x, y)) 1N log2 λ . 
4. Remark on metrics of positively expansive maps
In [9], by use of the Frink’s metrization theorem, Reddy proved that if f : X → X is a positively expansive map of a
compactum X , then there is an admissible metric d for X such that f : (X,d) → (X,d) expands small distances. Moreover,
by use of the Frink’s metrization theorem, Sakai [14] also proved that if f : X → X is a positively expansive map of a
compactum X , then there is an admissible metric d for X such that f : (X,d) → (X,d) expands small distances and Lipschitz.
In this section, we prove that the metrics used in this paper (see the proof of Theorem 2.2) also satisfy the same properties.
For completeness, we give our proof.
Theorem 4.1. (Reddy [12] and Sakai [14]) Let f : X → X be a positively expansive map of compactum X and s > 1. Then there exist
an admissible metric d˜ for X and positive numbers  > 0, 1< λ2  λ1 < s such that if x, y ∈ X and 0< d˜(x, y)  , then
λ2d˜(x, y) d˜
(
f (x), f (y)
)
 λ1d˜(x, y).
Proof. Let d be an admissible metric for X and let c > 0 be an expansive constant of the positive expansive map f : (X,d) →
(X,d). By the similar arguments in the proof of Theorem 2.2, we can choose a positive number r > 0 and a natural number
N(r) ∈ N as in the proof of Theorem 2.2. Also, by use of the fact that f : X → X is positively expansive, we can construct
the following sequence Un of open covers of X as in the proof of Theorem 2.2:
Un =
{
U (xi; i1, i2, . . . , in−1)
∣∣ i = 1,2, . . . ,m,
i1 = 1,2, . . . ,k1(xi),
...
in−1 = 1,2, . . . ,kn−1(xi; i1, i2, . . . , in−2)
}
.
Then f |U (xi; i1, i2, . . . , in) : U (xi; i1, i2, . . . , in) → U (xi; i1, i2, . . . , in−1) is an embedding. By Proposition 2.5, we see that
limn→∞ meshUn = 0. As in the proof of Theorem 2.2, we choose a natural number N and let
Vn = U1+(n−1)N
for each n ∈ N. Then Vn (n ∈ N) satisﬁes the following conditions:
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(ii) {St(x,Vn) | n ∈ N} is a neighborhood base at x, and hence the sequence {Vn}∞n=1 is a development of X .
As in the proof of Theorem 2.2, we can also deﬁne the function D . Then by use of the fact that f is a positively expansive
map, we can prove that for any x, y ∈ X with D(x, y) 1, D( f N (x), f N (y)) = 2D(x, y) (see the proof of Theorem 2.2).
As in the proof of Theorem 2.2, we deﬁne the admissible metric d1 for X . By the proof of Theorem 2.2 we see that for
any x, y ∈ X with d1(x, y) 1/4,
d1
(
f N(x), f N (y)
)
 2d1(x, y).
Now, we show that if x, y ∈ X and d1(x, y) 1/24, then
d1
(
f 3N(x), f 3N(y)
)
 2d1(x, y).
Note that 1/4D(x, y)  d1(x, y)  D(x, y) (see [9, Theorem 2.16]). Hence we see that d1( f 3N (x), f 3N (y))  D( f 3N (x),
f 3N (y)). Since d1(x, y)  1/24, we see that D(x, y)  4d1(x, y)  1/4 and hence D( f 3N (x), f 3N (y)) = 23D(x, y). Conse-
quently, if d1(x, y) 1/24,
d1
(
f 3N(x), f 3N(y)
)
 1
4
D
(
f 3N(x), f 3N(y)
)= 1
4
· 23D(x, y) = 2D(x, y) 2d1(x, y).
We deﬁne a function d2 : X × X → R as follow: For x, y ∈ X ,
d2(x, y) =
N−1∑
i=0
1
λi1
d1
(
f i(x), f i(y)
)
,
where λ1 = 21/N . Clearly, d2 is an admissible metric for X . Choose  > 0 such that d1(x, y)  implies d1( f i(x), f i(y)) <
1/24 for all 0 i  3N . Then
d2
(
f (x), f (y)
)= N−1∑
i=0
1
λi1
d1
(
f i+1(x), f i+1(y)
)
= λ1
N−1∑
i=1
1
λi1
d1
(
f i(x), f i(y)
)+ 1
λN−11
d1
(
f N(x), f N (y)
)
 λ1
N−1∑
i=1
1
λi1
d1
(
f i(x), f i(y)
)+ λ1d1(x, y)
= λ1d2(x, y).
Also, if d1(x, y)  ,
d2
(
f 3N(x), f 3N(y)
)= N−1∑
i=0
1
λi1
d1
(
f 3N+i(x), f 3N+i(y)
)

N−1∑
i=0
2
λi1
d1
(
f i(x), f i(y)
)= 2d2(x, y).
Finally, we deﬁne a function d˜ : X × X → R as follows; For x, y ∈ X ,
d˜(x, y) =
3N−1∑
i=0
1
λi2
d2
(
f i(x), f i(y)
)
,
where λ2 = 21/3N . Clearly, d˜ is an admissible metric for X . If d˜(x, y)  , then
d˜
(
f (x), f (y)
)= 3N−1∑
i=0
1
λi2
d2
(
f i+1(x), f i+1(y)
)

3N−1∑
i=0
λ1
λi2
d2
(
f i(x), f i(y)
)= λ1d˜(x, y)
and
d˜
(
f (x), f (y)
)= 3N−1∑
i=0
1
λi2
d2
(
f i+1(x), f i+1(y)
)
=
3N−1∑ λ2
λi
d2
(
f i(x), f i(y)
)+ 1
λ3N−1
d2
(
f 3N(x), f 3N(y)
)
i=1 2 2
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3N−1∑
i=1
1
λi2
d2
(
f i(x), f i(y)
)+ λ2d2(x, y)
= λ2d˜(x, y).
Therefore f : (X, d˜) → (X, d˜) is Lipschitz and expands small distances. 
5. Topological entropy of Ruelle expanding maps and fractal dimensions
In this section, we study the dynamical property which is related to Ruelle expanding map, positively expansive map,
topological entropy and fractal dimensions.
For a map f : X → X of a compactum X , we deﬁne the topological entropy h( f ) of f as follows (see [1] and [7]): Let n
be a natural number and  > 0. A subset F of X is an (n, )-spanning set for f if for each x ∈ X , there is y ∈ F such that
max
{
d
(
f i(x), f i(y)
) ∣∣ 0 i  n − 1 } .
Let rn( f , ) be the smallest cardinality of all (n, )-spanning sets for f . A subset E of X is an (n, )-separated set for f if for
each x, y ∈ E with x = y, there is 0 j  n − 1 such that
d
(
f j(x), f j(y)
)
> .
Let sn( f , ) be the maximal cardinality of all (n, )-separated sets for f . Put
r( f , ) = limsup
n→∞
(1/n) log rn( f , )
and
s( f , ) = limsup
n→∞
(1/n) log sn( f , ).
Also, put
h( f ) = lim
→0 r( f , ).
It is well known that h( f ) = lim→0 s( f , ) and h( f ) is equal to the topological entropy of f which was deﬁned by Adler,
Konheim and McAndrew (see [1]).
Let (X,d) be a compact metric space and b() the minimum cardinality of a covering of X by -balls. Put
Dd(X) = limsup
→0
logb()
|log| ∈ R ∪ {∞}.
Similarly, put
Dd(X) = lim inf
→0
logb()
|log| ∈ R ∪ {∞}.
Dd(X) is called the upper box-counting dimension of (X,d), and Dd(X) is called the lower box-counting dimension of
(X,d).
Let p  0 be any real number. Given  > 0, let
mp(X,d) = inf
∞∑
i=1
[
diam(Ai)
]p
where X =⋃∞i=1 Ai is any decomposition of X in a countable number of subsets of diameter less that  . Let
mp(X,d) = sup
>0
mp(X,d).
Finally, we denote by the Hausdorff dimension dimH (X,d) of (X,d) the supremum of all real numbers p such that
mp(X,d) > 0. It is well known that
dim X  dimH (X,d) Dd(X) Dd(X)
where dim X denotes the topological dimension of X .
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numbers  > 0 and 1 < λ2  λ1 such that if x, y ∈ X and 0 < d(x, y)   , then λ2d(x, y)  d( f (x), f (y))  λ1d(x, y). Then the
following inequalities hold
Dd(X) logλ2  h( f ) Dd(X) logλ1.
Proof. Let I(n, , λ2) be the maximum of natural numbers m such that there are points ai ∈ X (i = 1,2, . . . ,m) such that
d(ai,a j) /λn2 for i = j. Let ai (i = 1,2, . . . , I(n, , λ2)) ∈ X be such maximal points of X . Then
⋃I(n,,λ2)
i=1 B(ai, /λ
n
2) = X .
Hence
b
(
/λn2
)
 I(n, , λ2) sn+1( f , ).
Choose a decreasing sequence {i} of positive numbers such that i <  , limi→∞ i = 0 and limi→∞ logb(i)|logi | = Dd(X). For
each i = 1,2, . . . , choose the natural number ni such that

λ
ni+1
2
 i <

λ
ni
2
.
Then we obtain
logλ2Dd(X) = logλ2 · lim
i→∞
logb(i)
|logi |  logλ2 · limsupi→∞
logb(/λni+12 )
|log(/λni2 )|
= limsup
i→∞
logb(/λni+12 )
ni
 limsup
i→∞
log sni+2( f , )
ni + 2  s( f , ) h( f ).
The rest of the proof is similar to the proof of [7, p. 124, Theorem 3.2.9]. Let δ be any positive number with  > δ. Since
f m(Bd(x, λ
−n
1 δ)) ⊂ Bd( f m(x), δ) for x ∈ X and 0m n. Then
rn( f , δ) b
(
δ/λn1
)
.
Thus
r( f , δ) = limsup
n→∞
log rn( f , δ)
n
 limsup
n→∞
logb(δ/λn1)
n
= logλ1 · limsup
n→∞
logb(δ/λn1)
|log(δ/λn1)|
 Dd(X) logλ1.
Hence h( f ) Dd(X) logλ1. 
Dai, Zhou and Geng [3] and Misiurewicz [8] proved the following interesting result.
Theorem 5.2. (Dai, Zhou and Geng [3] and Misiurewicz [8]) If f : (X,d) → (X,d) is a Lipschitz continuous map of a compact metric
space (X,d) with Lipschitz constant λ, then
h( f )
logλ
 dimH (X,d).
Now, we obtain the following result.
Theorem 5.3. Let f : X → X be a map of a compactum X with a metric d. Suppose that there exist positive numbers  > 0 and λ > 1
such that if x, y ∈ X and d(x, y)  , then d( f (x), f (y)) = λd(x, y). Then the following equality holds
h( f ) = Dd(X) logλ.
In particular, the followings hold.
1. If f : X → X is a Ruelle expanding map of a compactum X and s > 1, then there exist an admissible metric d for X and a positive
number 1< λ s such that f : (X,d) → (X,d) expands strictly small distances with the expanding ratio λ, and hence
dimH (X,d) = Dd(X) = Dd(X) =
h( f )
logλ
.
2. If f : G → G is a positively expansive map of a graph G and s > 1, then there exist an admissible metric d for G and a positive
number 1< λ s such that f : (G,d) → (G,d) expands strictly small distances with the expanding ratio λ, and hence
dimH (G,d) = Dd(G) = Dd(G) =
h( f )
logλ
.
628 C. Fujita et al. / Topology and its Applications 157 (2010) 615–628Remark 5.4. In [11], Pontrjagin and Schnirelmann proved that for any compactum X ,
dim X = min{Dd(X) ∣∣ d is a metric for X}.
Suppose that dim X  1 and a map f : (X,d) → (X,d) expands strictly small distances with an expanding ratio λ > 1. Then
0< logλ h( f )/dim X , which implies that the set of expanding ratios of f are bounded. Note that there exists a sequence
{di}∞i=1 of metrics for X such that f : (X,di) → (X,di) expands strictly small distances with an expanding ratio λi satisfying
λi > λi+1 and limi→∞ λi = 1. Then limi→∞ Ddi (X) = ∞, which implies that di is a “fractal” metric on X . In fact, we can
consider that the space (X,di) has some sort of local self-similarity with respect to the inverse f −1 of f and the similarity
ratio 1/λi . In [6], we investigated the relation between metrics d, box-counting dimensions Dd(X) and Dd(X) of a separable
metric space (X,d).
The topological entropy of endmorphisms of the n-dimensional torus Tn is well known and hence we have the following
(cf. Example 1.1).
Corollary 5.5. Let L : Rn → Rn be a linear map such that L(Zn) ⊂ Zn and |λi| > 1 for each eigenvalue λi (i = 1,2, . . . ,n) of L. Then
the followings hold.
1. For any s > 1, there exist an admissible metric d for Rn and a positive number λ with s > λ > 1 such that if x, y ∈ Rn, then
d(L(x), L(y)) = λd(x, y).
2. Let T n be the n-dimensional torus and let f : Tn → Tn be the map induced by the linear map L. Then for any s > 1, there
exist an admissible metric d for T n and positive numbers  > 0 and 1 < λ < s such that if x, y ∈ Tn and d(x, y)   , then
d( f (x), f (y)) = λd(x, y). Also,
n∑
i=1
log |λi| =
∑
|λi |>1
log |λi| = h( f ) = Dd(X) logλ
and hence
dimH (X,d) = Dd(X) = Dd(X) =
∑ n
i=1 log |λi|
logλ
.
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